ON THE COMMUTATOR OF UNIT QUATERNIONS 
AND THE NUMBERS 12 AND 24 



THOMAS PUTTMANN 

Abstract. The quaternions are non-commutative. The deviation from com- 
mutativity is encapsulated in the commutator of unit quaternions. It is known 
that the fc-th power of the commutator is nuU-homotopic if and only if k is 
divisible by 12. The main purpose of this paper is to construct a concrete nuU- 
homotopy of the 12-th power of the commutator. Subsequently, we construct 
free §^-actions on S'^ X whose quotients are exotic 7-spheres and give a geo- 
metric explanation for the order 24 of the stable homotopy groups 7r„+3(S"). 
Intermediate results of perhaps independent interest are a construction of the 
octonions emphasizing the inclusion SU(3) C G2, a detailed study of Duran's 
geodesic boundary map construction, and explicit formulas for the character- 
istic maps of the bundles G2 — > and Spin(7) — > S^. 



1. Introduction 

The quaternions form a non-commutative normed division algebra. Samelson 
[Sa l and G.W. Whitehead [Wh proved that the quaternions are not even homo- 
topically commutative. More precisely, the commutator 

[ • , • ] : X §3 ^ S^ {a,b)^ [a, 6] := aha-^h-^ 

of unit quaternions generates the homotopy group 7r6(S^) ~ Z12 (see [BSj . |Ro) . 
[Ja]). It follows that the A:-th power 

(a, 6) 1-^ [a, h]^ = aba^^b^^aba^^b^^ . . . aba^^b^^ 

is nuU-homotopic if and only if k is divisible by 12, and that the map 

(a,&) i-> [a,b''] = ab'^a-^b-'' 

is nuU-homotopic if and only if k is divisible by 12 (see j Wh) ) . 

Main Construction. We construct two concrete homotopies 

§^ X S-"^ X [0, 1] ^ §^ 

that deform [ • , ■ ]^'^ and {a,b) t-^ [a,b^'^], respectively, to the constant map to 1. 

The twelve H-space structures on S"^ can be represented by the multiplications 
(a, 6) !->■ ab[a,b]'' for k = {0,...,11} (see |AC) ). A trivial consequence of our 
construction is a concrete deformation between (a, b) ab[a, b]^^ and the standard 
multiplication on S'^. Other, less trivial, consequences are based on the following 
subsequent construction: Let Sp(2) denote the group of unitary quaternionic 2x2 

matrices and let pi 2 : Sp(2) — > denote the projection to the first/second column, 
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respectively. We fix a suitable identification of with the unit octonions. Let J,"* 
denote the selfmap of §^ that sends each unit octonion to its j-ih power. 

Construction 1.1. Using the null-homotopies of the Main Construction we con- 
struct maps Xj '■ §^ ^ Sp(2) such that pi o Xj — V''^^ ■ This yields a concrete 
identification Z — > 7r7(Sp(2)). 

Via the generalized Gromoll-Meyer construction in |DPR| we then obtain con- 
crete exotic free S'^-actions on x S'^. The existence of such actions was established 
by Hilton and Roitberg in 1968 IHRj . Our construction owes to the reinvestigation 
of this phenomenon in [BR . 

Concretely, let Xj,2 :§''—>■§'' be an abbreviation for P2°Xj and let {{u, v)) = u^v 
denote the standard Hermitian product on the quaternionic vector space H^. For a 
unit quaternion g e S'^, a quaternionic vector u e H^, and a unit quaternion r e S"^ 
set 

9*j (",^) = {im, {{xj,2{iuq),qxj,2{y')))r)- 

Note that g*o (u, r) — {quq, qr^ since xo is the constant map to the unit matrix in 
Sp(2). All other actions ★j are not isometric with respect to the standard metric 
on §^ X S^. 

Theorem 1.2. The action -kj is a free -action on S*" x §^ whose quotient space 
is the homotopy 7 -sphere S^jj t^^^ notation of [DPRj . All these homotopy 7- 
spheres form a subgroup isomorphic to Zy in the group of orientation preserving 
diffeomorphism classes of homotopy 7 -spheres O7 « Z28. 

Another application concerns the stable homotopy groups 7r„_)-3(§"), n > 5. It 
is well-known (see e.g. [Hu| ) that these groups are cyclic of order 24 generated by 
the suspensions S"~*/i of the Hopf map 

^ ^ \ 2uv J 

Here, u, v are quaternions with |up 4- \v\'^ — 1. 

Construction 1.3. Employing the maps Xj ■ S*" ~^ Sp(2) we obtain simple explicit 
homotopies between 'E{h o ]}'^-') and its natural homotopy inverses T,~^(h o 4,"'^'^"') 
given by reversing the direction of the suspension coordinate. 

In fact, this construction is short enough to perform it right away: The map 

Hj : X [0, f ] S^, Hj{x,t) ^ cost ■ XjA^) + sint ■ XjA^)- 

yields a well-defined homotopy between Xj,i = i^^"* a-nd Xj.2 since corresponding 
values of Xj,i and Xj.2 are always perpendicular in H^. Now, 

(1) MS) = ) = (l^i!-if ) =-h{t) if (gS) e Sp(2). 

Hence, hoHj is a homotopy between ho]}'^^ and —ho]}'^^. This homotopy induces 
a homotopy I](/io Hj) between the suspensions 

id§5 is homotopic to — idgs by a block matrix that consists of three 2x2 rotation 
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matrices. The concatenation of the homotopies deforms S](ft. o ^^^-' ) §^ to 

the map 

-idoi](-/io;i2j) = i]-i(/io;i2j). 

The organization of the paper is explained at the end of the next section, which 
provides an outhne of our Main Construction. 

2. Outline of the Main Construction 

The rough combinatorics of our construction is perhaps not surprising: 12 = 
3 • 2 • 2 where the factor 3 is geometrically related to the order of the homotopy 
group 7r6(G2), one factor 2 comes from killing the double of the fourth suspension 
of the Hopf fibration S'^ EP, and the other factor 2 from killing the double of 
the single suspension of the Hopf fibration S"^ S^. The detailed deformations, 
however, are far from beeing obvious. 

The crucial geometric tool is a particular form of the boundary map in the 
exact homotopy sequence of fiber bundles. This particular form was first used by 
Duran [Du| . Given a fiber bundle F ■ ■ ■ E ^ B and a map a : S*^ — >■ i? one uses 
horizontal lifts to define a concrete map dE^Bioi) ■ —>■ F that induces the 

boundary map ■Kk{B) — >■ iTk-iiF). We investigate this construction in connection 
with suspensions of maps and powers of spheres and obtain some statements that 
are specific to this way of lifting. 

We now outline our Main Construction. The first step is rather elementary. 

Construction 2.1. We construct a continuous map /i : x S"^ — > §^ and two 

homotopies §^ x §^ x [0,1] — > that deform [ • , • and {a,b) i-> [a, 6^^], 
respectively, to the composition (9gp(2)->.s7 (id)) o jj,. 

Thus it remains to construct a nuU-homotopy of the 12-th power of the character- 
istic map 9sp(2)_>.s7 (id). Note that a homotopic rational version of this characteristic 
map was proven to generate 7r6(§'^) by Borel and Serre |BS) . 

The central second step is an application of our results about the horizontal 
lifting construction in section|4l We apply them to the commutative diagram 

§3 ^ G2 > Vt2 

1 1 II 

Sp(2) > Spin(7) > 1/7 2 

1 1- 

S'' = 

Identify §^ with the unit sphere in the octonions O and let Vt^2 denote the Stiefel 
manifold of orthonormal 2-frames in « ImO. Let ei, 62 denote a fixed orthonor- 
mal 2-frame in M"^ « ImO. Set 

K : S'^ — ^ P7.2, a I— >■ (aeia, 0620). 
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Theorem 2.2. We have 

(9sp(2)^s7(id))^ = 9G2^y7,2(Ko|^), 

where denotes the octonionic squaring map. 

This identity is obtained from the identity (9spin(7)->.s''(id))^ = 1, which in turn 
is intimately related to the geometric presentation of 7r6(G2) ~ Z3 discovered by 
Chaves and Rigas jCRlj . 

The third step is the most technical one. Toda, Saito, and Yokota |TSYj showed 
that the map k generates the homotopy group ttt (1/7^2) ~ (see also |CR2| for re- 
lations between k and certain Hopf maps) . Note that the exact homotopy sequence 
of the fibration — > ¥7^2 — ^ contains the part 

Z2 « 7r7(§^) ^ 7r7(F7^2) ^ 7r7(§S) « Z2. 

Thus, the first column of the map k o 4,^ is null-homotopic. 

Construction 2.3. We construct a concrete homotopy 

Kof^ {N, EV). 

Here, N denotes the constant map from §^ to the northpole ci ofS^ and E^r is the 
double suspension of a specific map r : ^ S'^ . 

The construction of this homotopy involves two steps. We first recognize that 
the map k actually consists of two perpendicular variants of the fibration §^ CP^ 
composed with the cut locus collapse CP'' — > We deform n concretely to a map 
h that consists of two perpendicular variants of the fourth suspension of the Hopf 
fibration hi : — )■ S^. In the second step we deform ho to the map (TV, E^r). 
It is essential here that the second column is the suspension of a map. The precise 
form of T is actually not important, yet an explicit formula for this map could be 
obtained. 

Construction 2.4. Lifting the deformation curves of the homotopy in Construc- 
tior i2.3\ horizontally yields a homotopy 

dG,^Vr., {koI^)^Ao- dc^v,,, {N, EV) 

where Aq is a specific matrix in SU(3) C G2 that identifies the fiber over the point 
(61,-62) with the fiber over the point (61,62). 

For the intuition of the reader we now supply the following commutative diagram 
SU(2) = §3 

SU(3) > G2 > 

TT 

§^ > > 
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Lemma 2.5. 

dc^^Vr,, [N, EV) = asu(3)^S5 (SV). 

We then apply the Eckmann-Kervaire identity d{a o = d{a) o f3, which also 
holds for the specific way of lifting that we use in this paper (see Lenima [475| . 

Lemma 2.6. 

5su(3)^s= V) = 9su(3)^s=(ids5) o Sr. 

The map 9gu(3)-i.s5 (id) is the suspension of the Hopf fibration S'^ — > Null- 
honiotopics of twice this map are classical. The simplest null-homotopy i?su(3)->-s= 
of (Ao • 9su(3)^s5(id))^ in precisely this form is given in [PR] (see Theorem l5.3p . 

Theorem 2.7. The concatenation of the null-homotopy i?su(3)->s's with the homo- 
topies of the previous statements provides a null-homotopy 

(<9sp(2)^s7(id))^^ {Ao ■ (9su(3)->ss(id))^ o Er 1. 

The rest of the paper is organized as follows: In section|3] we provide a defi- 
nition for the octonionic multiplication based on the complex cross product. For 
our concrete computations in the following sections this definition is much more 
convenient then the standard definition. In section|4]we study the interplay of sus- 
pensions, powers of spheres and Duran's form of the boundary map in the exact 
homotopy sequence. In section[5] we compute the characteristic maps of bundles 
that belong to some transitive actions on spheres using horizontal lifts. Moreover, 
we use the results of section|4]to prove Theorem l2.2l In section[6]we perform Con- 
struction l2.1l and in section[7]we perform Construction l2 . 31 and Construction l2.4l In 
section[5] we perform the Construction ll.il and Thcorcm ll.2l 

3. Octonionic multiplication via the complex cross product 
We define the complex cross product of two vectors z, w £ by 

/ 22103— 23^2 N 
Z X UJ — [ Z3W1-ZIW3 j. 

\ Z1W2—Z2W1 J 

Let ((z, vSf) = z\W\ -\r Z2W2 4- zj,wz denote the hermitian inner product on C'^. Given 
two vectors ( ^i' ) , ( ) G C x we set 

{za \ . {wq \ ._ (zoWQ-{{z,w)) \ 
\ z ) \w ) ■ \ zaw+woz-\'Z'X.w ) ' 

Theorem 3.1. With this product, C x C"^ is isomorphic to the octonions. 

The proof will be a consequence of the following properties of the complex cross 
product, all of which can be verified easily. 

Lemma 3.2. For all y,z,w E we have 

{{z, z X w)) = and y x (z x w) = {{y, w))z — {{y, z))w. 

Lemma 3.3. If z,w G are unit vectors with {{z, w)) = then zxw is the unique 
vector in C'^ such that the complex 3 x 3-matrix (z, w, z x w) is contained in SU(3). 
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Corollary 3.4. For all A e SU(3) and z,w eC^ we have 

(A - z) X {A - w) ^ A - {z X w). 

Lemma 3.5. For all z,w eC^ we have 

\zxwf = \zf\wf-\{{z,w))f- 
Proof of Theorer dS.li Given an equation of form 

we multiply both sides by {l°a) from the left. Using the previous lemmas we obtain 

Hence, i^^p^j^p ( "a ) the unique left inverse of ( ° " ) 7^ 0. Similarly we see that 
it is also the unique right inverse. Using Lemma [3.5l a straightforward computation 
shows 

\{%°)-iZ°)\' = i\zo\' + \zf){\wof + \wf). 
All in all, C x C'^ is a nornied division algebra. □ 

Remark 3.6. The two maximal subgroups of the automorphism group G2 of the 
octonions are SU(3) and S0(4). The inclusion SU(3) C G2 is emphasized by 
our construction of the octonions via the complex cross product. The inclusion 
S0(4) C G2, on the other hand, is emphasized in the standard construction of the 
octonions using pairs of quaternions with the product 

(Ul, Ul) • (W2, W2) = ("1^2 - V2Vi,V2Ui + ViU2). 

The inclusion S0(4) C G2 is then given by the action {qi,q2)-{u,v) = {qiuqi,q2vqi) 
of two unit quaternions on the octonion (m, u). A concrete isomorphism between 
the two realizations of the octonions is given by 

) = ( "°t7y° )^{xo + xii + X2i + xgk, yo + yii + y2j + yak). 

4. Horizontal lifts, suspensions, and powers of spheres 

In this section we study the interplay of suspensions, powers of spheres and the 
horizontal lifting form of the boundary map in the exact homotopy sequence. 

4.1. Powers of spheres and suspensions. The k-th power of the sphere §" C 
R X M" is in polar coordinates defined by 

I k f cos * "\ — / cos kt \ 
~^ \ V sin t } \v sin kt J ' 

This definition yields real analytic maps S" — > §" that generalize the algebraically 
defined fc-th powers of the unit spheres in the normed division algebras. 

Remark 4.1. The degree of J,*^ is fc if n is odd. If n is even, the degree of J,*^ is 1 if fc 
is odd and if fc is even. This is classical. For a generalization of the fc-powers to 
cohomogeneity one manifolds and a unified computation of the degree see [Pu2] . 



THE COMMUTATOR OF QUATERNIONS 



7 



Given a map p : §""i view S" C M x M" and S™ C M x M" as 

suspensions of and §™~^ and let 

: §" §"', (S) ( |i;|p(«/|^;|)) 

denote the suspension of p. 

Lemma 4.2. M^e have the trivial identity 

(Sp) o = l'' o Ep. 

If m = 2^ and /c = 2j are even then the degree of the map on the right 
hand side is zero. Hence, (Ep) o J,*^ is nuh-homotopic. We describe an exphcit 
nuU-homotopy in the fohowing. Set 



77i : §" X [0, 1] ^ §2£^ ((.^.T„*t),.s) 



( / cos 2jt 
21 (( cost \ ^\ ^ J \p(v) sin2 jt 



), for t < 7r/2, 

(A(s).pT4iin2jt)' fort>7r/2. 



Here, A{s) E S0(2£) is a path from 11 to —1, for example given by i copies of a 
standard 2x2 rotation matrix. The homotopy Hi deforms (Ep) o J,^-' to the map 

( cost \ ^ ( cos2j"t \ 
\vsintj ^ Vp(i;) I sin2jt| 

Now set 

where x{s,t) = s + (1 — s) cos2jt. The following is now immediate. 

Lemma 4.3. The concatenation of the homotopies Hi and H2 deforms (Ep) o 
to the constant map to the north pole o/S^^. 

Similarly, for even m — 21 and odd k — 2j + 1 one can explicitly deform (Ep) o 
to Ep. 

4.2. Horizontal lifts. We now explore Duran's specific form of the boundary map 
in the exact homotopy sequence of a smooth fiber bundle F ■ ■ ■ E — ^ B. Assume 
that E is equipped with an Ehresmann connectior0. Suppose we are given a map 
a : S'= ^ B. Let iV = (1, 0, . . . , 0) denote the north pole of C M'=+\ let §'="1 
be the set of all vectors v G T^S^ with |t;| = 1, and let 7^ denote the geodesic of 
S'" with 7u(0) — N and 71, (0) = v. Fix a point p E E. Lift the curve a o in B 
horizontally to a curve cTo^^, in E with al>^^{0) = p. Since 7D(7r) is the south 
pole S of S*^ the end point alrj^{Tr) of the lifted curve is contained in the fiber 
F\a(S) — for any unit tangent vector v. Set 

5(a) : S'^-i ^ C ^, w ^ 5^„(7r). 



^An Ehresmann connection is a complete horizontal distribution. In all our examples we fix 
a Riemannian metric on the compact manifold E such that i? — >■ _B is a Riemannian submersion 
for some Riemannian metric on B. The horizontal space at a point x & E is then given by the 
orthogonal complement of the tangent space to the fiber Fx. The Riemannian metric on B is 
irrelevant in our following constructions. 
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Lemma 4.4 (see [Du| ) . The assignment a i— > d{a) induces the boundary map 

TTk{B) ^ TTk-liF) 

in the exact homotopy sequence of the fibration F ■ ■ ■ E B . 

Proof. This is one of the many equivalent topological constructions of the boundary 
map, see e.g. }Bdj . page 452 for an appropriate reference. The specific point here 
is that the lifting is performed horizontally. □ 

The Eckmann-Kervaire identity (see [Kelj ) holds also for our specific way of 
lifting: 

Lemma 4.5. We have 

d{aoY.l3)=d{a)o(3. 
Proof. It is straightforward to verify that a o S/3 o 7„(t) = a o 7^(1,). □ 

Now consider the case where a connected compact Lie group G C SO(rn) acts 
transitively on a manifold B. Suppose that SO(to) is equipped with a biinvariant 
Riemannian metric. This induces a biinvariant metric on the subgroup G. Let il 
denote the unit element in G, set p = 7r(]l), and let H = Gp denote the isotropy 
group at p. Then H ■ ■ ■ G ^ B is a principal fiber bundle and we can apply the 
construction above. Assume moreover that a subgroup K C G also acts transitively 
on B. The isotropy group Kp is equal to K D H . We have a commutative diagram 

Kr\H > H > H/{KC]H) 



K 


> G 


TT 




TT 


B - 


B 



> G/K 



where the equality H/{K n H) = G/K holds since H/{K n H) is included in G/K 
and both spaces have the same dimension. Note that the base manifold B usually 
inherits different left invariant Riemannian metrics from K and G by Riemannian 
submersion but this is irrelevant for the lifting construction. 

Lemma 4.6. If j : [0,T] B is a curve with 7(0) = 7r(l) and 7^, 7*^ are the 
unique horizontal lifts of j with {0) — 7*^(0) = 1 then 

^(i) = 7^(r'-7^w 

defines a curve in the fiber 7r^^(7r(Il)) — H and this curve is horizontal with respect 
to the Riemannian submersion H — > H/ {K H H). 

Proof. Since '^^ {t) and '^'^{t) are lifts of 7, we have ^{t) ~ (t) ■ p ~ ■ P- 

Hence 6{t) e H. Moreover, 
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and 

Since 7^ is horizontal, the second summand is perpendicular to the Lie algebra Jnf) 
of KDH. Since 5{t) G H and 7^ is horizontal, the first summand is perpendicular 
to the Lie algebra f) of H. Hence, 6{t)~^ ■ 5{t) is perpendicular to f) fl fi and 5 is 
horizontal. □ 

Corollary 4.7. For any map a : S'' ^ B the two maps dc^Bict) and dK->-B{ct) 
are homotopic within TT^^{a{S)) H hy the homotopy 

(w, s) cToT','?' (tt) • oi'o^'^ {s)~^ ■ a~o^y {s). 

Here, S = (— 1, 0, . . . , 0) denotes the south pole of . 

Assume now more specifically that the compact Lie group G C SO(n + 1) acts 
transitively on S". The isotropy group Gn oi the north pole N is denoted by H. 
As above let 7^ denote the geodesic of §" with 7„(0) = N and 7^(0) = v, \v\ = 1. 
Clearly 7„(t + 7r) = — 7„(t) and jy{k'iT) = (—1)'^ - v. Note that the biinvariant metric 
on G does not necessarily induce a constant curvature metric on S" via Riemannian 
submersion • • • G — )• S". Hence, 7„ should actually just be called a curve. Let % 
be the unique horizontal lift of 7^ with 7^(0) = 1. Then 7„(0) = (v,*) is a matrix 
in the Lie algebra g of G whose first column is v. 

Lemma 4.8. We have jv{t + n) = %{t) ■ Jv{tt), in particular, jv{kiT) = 7„(7r)'^. 

Proof. Since % is horizontal, ■yv{t)~^ ■ 7i;(t) is perpendicular to the Lie algebra (} 
of H. Now consider the curve 

Since 

f^(i) = (7.W,*)-("J ") = (-7.W,*) = (7.(t + 7r),*), 

the curve a{t) is a lift of jv{t + tt) with (t(0) = 7u(7r). Moreover, 

ait)-' ■ d{t) = 7„W-i • • • 7. W. 

Since 7^(7r) = and the isotropy group at is also H, the lift 7^(7r) 

normalizes H. Hence, a is horizontal. By uniqueness, a{t) = 7u(t + tt). □ 

Corollary 4.9. We have 

where 4.'' : S" S" denotes the k-th power o/§". 

Lemma 4.10. The characteristic map 9(idsn) : S"~^ — )• Gs = H is equivariant 
with respect to the H action on S"~^ and the adjoint action on H. 

Proof. The curves ^hv{t) and h'^y{t)h~' are both horizontal, the first one by defi- 
nition, the second one because the isotropy group Ghp is equal to hGph~'. Both 
curves start at the unit matrix 1 and have initial velocity hv. Hence they are 
identical. Evaluation at time tt yields the statement. □ 
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5. Identification of some characteristic maps 

In this section we derive explicit formulas for the characteristic maps of the 
principal bundles 

SU(n) • • • SU(n + 1) ^ S2"+\ 

Sp(n)---Sp(n + 1) ^§^^"+3, 

SU(3) • • • Ga ^ §^ and Ga • • • Spin(7) ^ 

using the horizontal lifting construction of section|4l We identify our maps with 
maps previously given in the literature in other contexts. Finally, we prove Theo- 
rem l2.2l Note that the characteristic maps of the principal bundles 

SO(n + l)^S", U(n + l)^§2"+\ Sp(n + 1) ^ §^"+3 

were already computed before 1950 by a different method, namely, by analyzing 
how the bundle is glued from two local trivializations over the equatorial sphere 
(see [St]). Both methods produce homotopic maps. Using horizontal lifts, however, 
these maps come in a form that is much more suitable for our purposes. In particu- 
lar, they obey Corollarv l4.9l Moreover, the special unitary case was not considered 
in [Stj and in this case we obtain the null-homotopy -ffsu(3)->s5 that is essential in 
our main construction. 

5.1. The characteristic map of the principal bundle SU(n + 1) ^ 
The characteristic map 9su(n+i)->s2n+i (id) generates the homotopy group 

7r2n(SU(n)) « Z„!. 

(see [Btj for the computation of this homotopy group). This follows easily by filling 
in only stable homotopy groups into the exact homotopy sequence of the bundle. 
In this subsection we identify (9su(n+i)->S2n+i (id) with a map (f> given in |PR) and 
obtain the homotopy i?su(3)->-S^ of Theorem l2.7l 

Let SU(n + 1) denote the group of all complex (n + 1) x (n + l)-matrices A with 
A^A = 1. The group SU(n + 1) acts transitively on the unit sphere §^"+1 -^^ C"+^ 
We endow SU(n + 1) with the up to scaling unique biinvariant Riemannian metric. 
We consider the curve 

-l{t)=cost{l)+sint{-v) 
in §2«+i with y e M, z e C", and |yp + |zp = 1. For z 7^ we set 






,iy 



smt 




Lemma 5.1. The curve 7 is the unique horizontal lift of 7 with respect to the 
projection SU(7i + 1) — > S^"'*'^ such that 7(0) — 1. In particular, the above formula 
for 7 extends analytically to the case where z = 0. 
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Proof. It is evident that 7(t) ■{})) — j{t). Hence, 7 is a lift of 7. A direct compu- 
tation shows that 

Hence, j{t)^^ 'lit) is always perpendicular to the Lie subalgebra su(n) C su(n + 1). 
Since the Riemannian metric on SU(n + 1) is left invariant this means that j{t) is 
perpendicular to the SU(n)-fiber at j{t). □ 

We recall a simple formula for a map that generates 7r2„(SU(n)) from [PR] . This 
map 

: [0, f ] X §2"-i ^ sU(n) 

is defined by 

0(t, z)=A- diag(e^("-l)^ e-'^, . . . , e"'^) • 

where A e SU(n) is any matrix whose first column is z e S^"^^ C C". The 
values of are independent of 2; G for r = and t — Because of this 

collapse at the endpoints of the interval the map (j) induces a map — SU(n). 
More precisely, we now identify the round sphere S^" C M x C" with the cylinder 
[0, ^] X §^"~^ that is collapsed at the endpoints of the interval by the map 

Theorem 5.2. We have 



9su(„+i)^s-+^(id) ('j) - ( J ^J/,, 1) • (J 



'^ar(y + i)' 



Proof. The following computation shows that in fact only depends on the first 
column z of the matrix A: 

(j){T, z) = e'" ■A-{t + diag(e"" - 1, 0, . . . , 0)) • A'^ = e'" {\ + z(e"" - . 

Straightforward evaluations of 7(7r) and 0(f (y + 1), |f|) now yield the statement. 

□ 

We consider now the special case n = 2. Recall the following homotopy from [PR]: 
^^SU(3)^S5 (r, ^, 5) = C -f ) ( ? ) • 



/ 2 — \ / cos s — sin s \ I ) / cos s sin s \ f z w \ 

\ w z / \ sin s cos s J \ q e^^^ / ^ ^ ^ ^os s / v — z J 



Theorem 5.3 (see [PRi ) . The homotopy i?su(3)->-s^ deforms (jP and hence the map 

• -1 0^ ^ 2 



(( -°) ' ^SU(n+l)^S2„+l(id)^ 

(for s = 0) to the constant map to the unit matrix (for s = 



12 



THOMAS PUTTMANN 



Remark 5.4. The cases n > 2 were also treated m j PRj . Let rj : S^"^^ — > SU(n) be 
a map that generates 7r2,i-i(SU(n)) and let rjj denote its j-th column. The n maps 
(po'Erjj : S^" — > SU(n) are all mutually homotopic (by homotopies analogous to the 
above) and represent the {n — l)!-th power of the generator of 7r2„(SU(n)). The 
maps 4> ° ^Vj commute mutually and their value-by- value product is the constant 
map to the identity matrix. 



5.2. The characteristic map of the principal bundle Sp{n -I- 1) S*""'"'^. 
The characteristic map of the principal bundle Sp(n + 1) — >■ §4n+3 generates the 
homotopy group 



7r4n+2(Sp(n)) 



^(2n+i)!, if n is even, 
^2(2ri+i)!7 if is odd 



(see |Ke2| for the computation of this homotopy group). This follows easily by 
filling in only stable homotopy groups into the exact homotopy sequence of the 
bundle. In this subsection we compute the characteristic map using the horizontal 
lifting construction of sectionH) 

Let Sp(n + 1) denote the group of all quaternionic (n -I- 1) x (n + l)-matrices 
A with A^A — 1. The group Sp(n -I- 1) acts transitively on the unit sphere S^""'"'^ 
in H""*"^. We endow Sp(n-|- 1) with the up to scaling unique biinvariant Riemannian 
metric. We consider the curves 

7(t) =cost (J)+sint (P) 

in S^''^"^. Here, p E ImH is purely imaginary and u E H" is a vector such that 
IpP -I- |up — 1. In other words the vector ( ^ ) is contained in the unit sphere S''"+^. 
For w ^ we set 

7(0 = (n 1, jLfil) +cosq ;^ u !pfi' ) +sini ( ^ ^" fit 

where — cos \p\ + sin \p\ denotes the exponential map of S"^ C H from 1 



Lemma 5.5 (see |Duj for n = 1). The curve 7 is the unique horizontal lift of j 
with respect to the projection S'p{n + 1) — > §'^"+3 such that 7(0) = 1. In particular, 
the above formula for 7 extends in an analytic way to the case where u — 0. 

Proof. It is evident that 7(t) • ( ) — 7(0- Hence, 7 is a lift of 7. A direct compu- 
tation shows that 



Hence, ■j{t)~^ 'lit) is always perpendicular to the Lie subalgebra sp(n — 1) C sp{n). 
Since the Riemannian metric on Sp(n -|- 1) is left invariant this means that ^{t) is 
perpendicular to the Sp(n — l)-fiber at 7(<). □ 

Note that the fiber of the bundle Sp(n + 1) — > §'*"+3 over the south pole ( 
is ^ ~J Sp^Ti) ) ■ This fiber can be canonically identified with the Sp(n) fiber over 
the north pole using left multiplication by ( 1) ^ Sp(n). 
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Corollary 5.6 (see |Du| for ?i — 1). The characteristic map i9sp(n+i)-i-s*"+3(id) 
g4ri+2 _^ Sp(n) is given by 

5sp(„+i)^s-+3(id)(S) = 1- ^(l + e-P)g 
and hence, for n — 1, by 

9sp(2)^sKid)(S) = -^e-''^. 



5.3. The characteristic map of the principal bundle G2 In this sub- 

section we identify the characteristic map of the principal bundle G2 — > §® with 
the embedding 77 : — SU(3) given in PR (and previously in slightly different 
form in [CR3] and [E]). 

Let O = C X denote the octonions with the product introduced in section|31 
Octonionic conjugation is given by {^°) 1— ?> i-z)- Let ImO = iM. x denote the 
imaginary octonions. The compact Lie group G2 is the automorphism group of the 
octonions. It is a connected subgroup of SO(Im(D)) and acts transitively on the 
sphere C Im O . Let 7 : M — > §^ be the unit speed geodesic defined by 



lit) 



i cos t 
— f sin t 





Set 



-i sin t 

ei{t)=j{t), e2(t)= ( ™o'* ), esit) 





/ \ 

e4(2t) = ( It ) , e5(2i) = ( S,) , eei2t) - f _,L,) , eri2t) = 

Visint/ \ sint / \ cost / \ i cos t 

and define a curve j{t) in SO(ImO) by mapping 6^(0) to ek{t) for each k. 

Lemma 5.7. With respect to the fibration G2 — > S^, A !—> A(ei(0)), the curve 7 is 
the unique horizontal lift of 7 with 7(0) — 1. 

Proof. It is easily verified using the octonionic multiplication from section[3] that 
ei(t)-e2(t) = e3(i), e^it) = ei(t)-e4(i), eeit) = e2(t)-e4(t), and ej{t) = -e3(t)-e4(i) 
for all times t. Hence, the curve 7 is contained in G2. Clearly 7 is a lift of 7. It 
is also easily verified that 7 is a one parameter subgroup of SO(ImO). Hence, 7 is 
a geodesic in G2 with respect to the up to scaling unique biinvariant metric. It is 
a standard fact that in order to verify whether a geodesic is horizontal, it suffices 
to verify horizontality at one point of time. The fiber over 7(0) = 1 is the natural 
embedding of SU(3) into SO(ImO) as the automorphism group of the complex 
cross product of section[3l It is straightforward to verify that 7(0) is perpendicular 
to this SU(3) fiber. □ 



We now recall the embedding 77 : §^ — )■ SU(3) from [PR] (see also the previous 
papers [CR3| and [Br j ) : Let S'^ be the unit sphere in C^. Set 

—Z3 Z2 

23 

-Z2 Zi 



, , . / -Z3 22 \ 

77(2) = ZZ + [ 23 -2i 

\-Z2 2l / 



14 



THOMAS PUTTMANN 



Note that t]{Az) = Ari{z)A^ for A e SU(3) and that 77 generates 7r5(SU(3)). Let 
9 E SO(ImO) denote complex (not octonionic) conjugation on ImO = iR x C^. 
The fiber of the bundle G2 ^ S*^ over ( V ) is evidently SU(3) • 9 since 61 ( ^ ) = ( ) . 

Theorem 5.8. We have 

dG^_^se{id){z) = r]{-iz) ■ 9. 

Proof. Straightforward evaluation shows 7(7r) — ( ) -9. By Lemma B.lOl the 
characteristic map is equivariant with respect to the transitive action of SU(3) on 
§^ and to the action of SU(3) on SU(3) • 9 by conjugation. We have 

C^G.^Sa (id) (A • ( V ) ) = A • 7, ( V ) • e • 

= A-rj{-^)-A'-9 = rj{-iA-{~^))-9 
since r]{Az) = A'ri{z)A^. □ 

Remark 5.9. Theorem lS.SI in particular implies the known fact that 5G2-i.s6(id) 
generates 7r5(SU(3)) ~ Z. This can be used to give an elementary proof of the 
known fact that 7r5(G2) is trivial (see |Mm| ) just by inspecting the relevant part of 
the exact homotopy sequence of the bundle G2 S^. 

Remark 5.10. Observe that ^Gj-i-se (id)^ ~ 1, while Sc^-yse (id) generates an infinite 
cyclic homotopy group. This is reflected in the fact that when transfering the 
boundary map from the fiber over the south pole to the fiber over the north pole 
the equivariance changes from conjugation to twisted conjugation (twisted by an 
outer automorphism of SU(3)). 

Remark 5.11. It is known (see, e.g., [Ko ) that the action of SU(3) x SU(3) on G2 
by left and right translations is of cohomogeneity one. The geodesic 7 is a normal 
geodesic for this action, i.e., perpendicular to all orbits. 

Remark 5.12. The embedding 77, i.e., essentially the characteristic map 9g2_>.s6 (id), 
defines a calibrated submanifold of SU(3). This result is due to R. Bryant JBrI who 
classified all codimension 3 cycles of compact Lie groups that are calibrated by the 
Hodge dual of the fundamental 3-form {X, Y, Z) {X, [Y, Z]). 

5.4. The characteristic map of the principal bundle Spin(7) Chaves 
and Rigas obtained in |CR1| an embedding ■0 : — > G2 that genrates 7rg(G2) ~ 1? ■ 
This embedding parametrizes the adjoint orbit of G2 through one of the elements 
in the center of the subgroup SU(3) C G2 and is hence minimal. In this subsection 
we obtain the embedding ^jj by the horizontal lifting construction. This approach 
is essential for the subsequent proof of Theorem l2.2l 

Let O denote the normcd division algebra of the octonions. We use the triality 
model of Spin(8): 

Spin(8) = {{A, B, C) E 80(0)^ | A{x ■ y) = B{x) ■ C{y) for ah x, y S O} 

and consider the natural homomorphism Spin(8) — >■ SO (8) given by the projection 
to the first factor. From this homomorphism we get the standard transitive action 
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of Spin(8) on the unit octonions The condition A{1) = 1 defines a subgroup 
Spin(7) C Spin(8), which acts transitively on the unit octonions by 

Spin(7) X §^ S\ {A, B,C)-x = B{x). 

The isotropy group of 1 € O with respect to this action is the automorphism group 
of the octonions 

G2 = {(AA^)eSpin(7)}. 

Prom the action of Spin(7) we therefore get the G2-principal bundle Spin(7) 
in the usual way: {A, B, C) H- {A, B,C)-1 = B{1). 

Let 7 be a geodesic in the unit octonions with 7(0) = 1 and 7(7r) = —1. In order 
to give a formula for the horizontal lift of 7 to Spin(7) we use the standard notation 
for the left multiplication, right multiplication, and conjugation on O with a fixed 
octonion a: 

La{x) = ax, Ra{x) = xa, Ca{x) = axa~^. 

Since the octonions form a normed division algebra the transformations La, Ra, 
and Ca are contained in S0(0). 

Lemma 5.13. The horizontal lift of 7 through the unit element of Spin(7) is 
given by 

7(3t) = {C^(^t),L^{t) ° R^{t)^,L^{ty ° Rj(t)) ■ 
Here, 7(f) is identical to 'y{t)~^ since 7(4) is a unit octonion. 
Proof. It follows from the Moufang identities 

Laba = La O Li, O La, Raba = Ra ° Rb ° Ra 

that the expression for "/{M) above is contained in Spin(8): 

a(xy)a = a (^x {a {ay))) a = [{axa){ay))a = [[{axa'^)a){ay))a = {axa'^){a'^ya). 

Moreover, j{3t) is contained in Spin(7) since Ca(l) = 1. The formula for 7 ap- 
parently defines a one parameter subgroup of Spin(7) and hence a geodesic. This 
geodesic projects to the geodesic 7 of S'' since 

{Ca, La O Ra2,La2 O Rg,) ■ 1 = . 

It remains to show that 7 is horizontal. Since we already know that 7 is a geodesic, 
it suffices to verify that 7(0) is perpendicular to the G2-fiber over 1 e §''. For 

this purpose we note that the inner product of two endomorphisms Y, Z € so{0) X 
so(0) X so{0) is given by - tracc(F o Z). Wc have 7(0) = p e C ImO. Hence, 

7(0) = {Lp - Rp, Lp + 2Rp, -2Lp - Rp) e so(0) x so(0) x so(0). 

The Lie algebra of G2 consists of endomorphisms of the form {X, X, X) E so(0) x 
so(Cl)) X so(0). It is now obvious that trace(7(0) o {X,X,X)) vanishes, since the 
sum of the three components of 7(0) vanishes. Therefore, 7 is horizontal. □ 
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Let §® C lm(0) denote the imaginary unit octonions. For any geodesic 7w(t) with 
V G E>^ we have 7i;(7r) = —1. Thus, 7i)(7r) is contained in the G2-fiber Spin(7)-i ~ 
G2. Since (1, —1, —1) e Spin(7) left translates the north pole 1 € §^ to the south 
pole -1 we have Spin(7)_i = (11, -1, -1) • G2. 

Corollary 5.14. The characteristic map 9spin(7)-!.s^(id) : §^ — >■ Spin(7)_i is given 
by 

^ '^(C7„(7r/3), -^7„(7r/3) ° Ry^{27T /3) , ^^^(-2-^ /3) °^7„(-7r/3)) 
~{(^'r^{-27r/3): — C'7„(-2;t/3)i ~C'7„ (-2ir/3) ) j 

in particular, (9spin(7)^sKid))^ = (1, -1, -1) and (9spin(7)^sKid))^ = (1, 1, 1)- 

Lemma 5.15. The characteristic map i9spin(7)-j-s7 (id) : — Spin(7)_i generates 
the homotopy group 7r6(G2) ~ Z3. 

Proof. This follows immediately from the exact homotopy sequence of the principal 
bundle Spin(7) ^ S^: 

Z « 7r7(§^) ^6(62) — ^ 7r6(Spin(7)) w 0. □ 
Chaves and Rigas }CRlj obtained the map 

— 27rp/3) 1 ^cxp( — 27rp/3) i ^cxp( — 27rp/3)) 

which parametrizes the adjoint orbit of G2 through one of the elements in the center 
of SU(3) C G2 and thus represents the homotopy group 7rg(G2) ~ Z3 in the most 
geometric way possible: 4''^'^ is the constant map to the identity matrix in G2, while 
the embeddings ip'^^^^ and ip'^^^'^ represent the two nontrivial classes in 7r6(G2). 

Theorem 5.16. We have 

9spi„(7)^s^(id)- (1,-1,-1) •V'- 

With this identity we can, of course, also recover from Corollarv l5.14l that ■0^ 
is the constant map to the identity matrix. Moreover, it follows from Lemma r4.10l 
that c?Spin(7)->-S'' (id) is G2-equivariant and hence it is easy to recover that the map 
Tp indeed parametrizes an adjoint orbit of G2 through one of the elements in the 
center of SU(3) C G2. 

5.5. Proof of Theorem l2.2l Identify with the unit sphere in the octonions O 
and let V7_2 denote the Stiefel manifold of orthonormal 2-frames in « Im O . Let 
ei, 62, . . . denote an orthonormal basis of K.^ w ImO. Define the map 

K : — ^ ^7,2, a 1—^ (aeia, 0620). 

Identify Sp(2) with the subgroup of matrices {A,B,C) in Spin(7) C S0(0) x 
S0(0) X S0(0), such that, A • ei = ei and ^ • 62 = 62, i.e., with Spin(5). 
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Let 7i, denote the geodesic of §^ with 7t,(0) = N and 7i,(0) — v, \v\ = 1. Apply 
Lemina r4.6l to the commutative diagram 

S3 > G2 > Ga/S^ 

1 1 II 

Sp(2) > Spin(7) > Spin(7)/Sp(2) = ¥7,2 

TT TT 

This shows that the curves 

in G2 are horizontal with respect to the fibration G2 — >■ V7^2- The curves Sy satisfy 
5y{0) = 1 and 5y{6n) = >P^^^(67r) since 7^^'"^^^ (67r) = 1 by LemmaEH The two 
column vectors of the projected curve S(t) in ¥7^2 are given by Sy{t)-ei and Sy{t)-e2- 
Here, Sy{t) G G2 has three identical entries in SO(ImO) x SO(ImO) x SO(ImO). 
Trivially, all of these act identically on ei and €2- In order to evalute the result it 
is suitable to choose the first component since this is adepted to the embedding of 
Sp(2) into Spin(7). We obtain 

4,(3<) • ei = f/"^^'\3tr' ■ fyP^'H^t) ■ ei = ^^^"^'•'^31)'' . ■ ■ 7„(i) 

and hence 6y{Qt) ■ ei — 7„(2t) • ei • 7^(2i). Similarly, Sy{6t) ■ 62 — 7t,(2i) • 62 • 7„(2i). 

Remark 5.17. Toda, Saito, and Yokota proved that the map n generates 7r7(V7.2) ~ 
Z4. Our construction above yields a direct argument for this fact: The map k 
projects to a map §^ — > §^ that generates 777(8^) since it can be deformed to the 
fourth suspension of the Hopf fibration, see subsection l7.1l The claim follows from 
the relevant part of the exact homotopy sequence of the fibration S'^ • • • V7,2 — >■ §^ 
(see the introduction). 



6. The precise relation between the commutator and the Duran map 

In this section we perform Construction l2 . 1 1 The domain of definition of the 
commutator of unit quaternions is S'^ x S'^ . The commutator factors through the 
smash product S"^ A S^. It is elementary that the smash product S'^ A is homeo- 
niorphic to since S'^ A S'^ is the one-point compactification of K'^ x M.^. For our 
purposes, however, this homeomorphism is not appropriate, since it does not have 
any direct relations to the characteristic map i9sp(2)->-s''(id). Instead, we extract 
from Duran's explicit formula for 9sp(2)->s'' (id) a suitable homotopy equivalence 
between a §3 and S^. 

As usual, we define the one point union 

§3 V§3 = {1} X §3 U§3 X {1} 
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and the smash product by 

The value of the commutator [a, b] is always lifa = lor6=l thus the commutator 
[ • , • ] factors through the smash product. Set 



t : 



a6 V A 



AS^ {P)^{u/\u\,-e^n- 



Here, denotes the unit sphere in Im H x EI and denotes the exponential map 
of §3 C H at the point 1 (note that TiS^ = ImM). 

Lemma 6.1. The map t : ^ A §^ is continuous. 

Proof. The map i is well-defined since the first §^-factor collapses if u = and 
hence |p| = 1. The smash product S'^ A §^ inherits a canonical distance function d 
from the standard metric d on §^ x S^: 

d{[x], [y]) = min{d(a;, y), d{x, V S^) + d{y, 8^ V S^)}. 

The distance function d induces the quotient topology on A S^. Since 

rf(.(S),S3vS3)^0 

if u ^ the map t is continuous. □ 

It is easy to see that t is surjective: If a, 6 e with a ^ 1 and b ^ 1 then the 
equation 

irj = [{u/\u\,-e-n] = [ia,b)] 

has precisely one solution. If a = 1 or 6 = 1 then the solutions of the latter equation 
are precisely of the form ( ^ ) with u <E M, u > 0. This is a three dimensional disk 
in The map t hence factors as follows: 

The second map A is continuous and bijective and therefore a homeomorphism. Its 
inverse is the map 

A~"^ : (a, b) t-^ qa/MpF) ' ^^^''^ P defined by 6 = —e^^. 

The projection map §® — > S^/D^ is a homotopy equivalence by standard construc- 
tions. Since this essential here, we present the details: Let / : §^ x [0, 1] ^ be a 
homotopy with /o = idge, fg{D^) C and such that fi{D^) consists only of one 
point. An explicit formula for such a homotopy is, for example, given by 

iRo«-Ks(l-FReu) j + V l-(Reu)2 llmuJ lOr KeU S — , 



fsil) 



H-s' 



(?) forRew>i^. 
We have a commutative diagram 



S6 



§6/£,3 ^ g6/£,3 
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with /o = id and such that for s — I the induced map §P/D^ — )• E)^/D^ hfts to a 
map fi : S^/D^ ^ S^. We have seen: 

Lemma 6.2. The projection map §^ — > EP/D'^ is a homotopy equivalence with 
homotopy inverse fi . Hence, the map t : §^ — > §^ A S'^ is a homotopy equivalence 
with homotopy inverse /i := /i o A^^. 

Corollary 6.3. The homotopy 

is a homotopy between the commutator [ ■ , • ] and the composition [ • , ■ ] o lo fi. 
Now consider the two homotopies §^ x [0, 1] — > S'^, 

(( P ) , s) ^ ^e-^'^e-(i-^'-P+-' and (( ,£), ^ ^e'^'"' ^e-^''^'"'^' ■ 
The first homotopy was given in jPMRj . the other is a simple modification. 

Lemma 6.4. The first homotopy deforms [ • , ■ ] o i to the characteristic map 
9gp(2)->s7(id) and hence [ ■ , ■ ]^'^ o l to (9gp(2)->.s7(id)) . The second homotopy 
deforms the composition of the map (a, b) i— >■ [a, 6^^] and the homotopy equivalence l 
to (5sp(2)^s^(id))^^ 

Corollary 6.5. The concatenation of the homotopies in Corollarv l 6. 3\ and Lemm d[6.4\ 

deform [■ , • and (a, 6) i— >■ [a, 5^^] both to (9sp(2)->s'!' (id)) o n and thus conclude 
Construction \2. A 



7. The homotopy between k o J,^ and {N, Y?t) 



In this section we perform Construction l2.3l and construct a homotopy between 
the map ko \^ (see subsection l5.5|) and a map {N, S^r). Finally, we perform Con- 
structionC 



7.1. The deformation between k and h. We first produce a formula for k using 
complex coordinates. For this we use the complex cross product definition for the 
octonionic multiplication on C x from section[3] but not precisely as defined 
there. For technical purposes we pull it back by the isometry 

cxc^^cxc^ {"s)^{Z)- 

This saves us some additional deformations. We also need to specify the basis 
ei, . . . , 67 of subsection l5.5l Set 

e.^(S), .,^(2), ^^„.,^(g 

Lemma 7.1. With this convention we have k{%°) = {ki{%"),K2{%°)), where 

'^H ^ / ~ I 22022 )' ^^21^ z j — I -2i(Imzi)z2+2j(Rezo)23 ) 

\ 22oZ3 / \ -2'i(Imzi)z3-2i(Rezo)z2 / 
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Proof. Straightforward evaluation of ( J""^ ) • ei • ) and ( ) ' ^2 • ( i° ) with the 
product defined in Theorem l3.1l □ 



Remark 7.2. It is evident from the above formulas that the columns of k are two 
perpendicular variants of the composition of the fibration §^ — > CP^ and the cut 
locus coUapse CP^ S^. 



Now omit the argument ( 2° ) for a better readability and set 
Ki(s) 



i(|zo|^-|zi|^-(|22|' + |z3r)cos" S) 

222(3111^ s+^o cos^ s) — 2^3 ( 1 — ^0 ) COS s sin s 
Izz (sin^ cos^ s)+2i:2(l — 2o) cos s sin ^ 

~2i Re Zi^z\ 

Z^-ZJ-(|Z2|^ + |Z3|2)C0S2S 

22:2 (Ini 2:i)(cos s sin s—i cos^ s) — 2^3 ((1 — Re sq) cos s sin s — i(sin'^ s+Rc zq cos*^ s)) 
2^3 (Im z\) (cos s sin s — i cos^ s)+222 ((1 — Re ^o) cos s sin s— z(sin^ s+Rc zq cos^ s)) 

Keep first Ki fixed while deforming ki, then keep K\ fixed while deforming K2, i.e., 
set 



K2(s) 



■(^i(s),^2(0)), ifse[0,f], 
.('^i(f),'^2(s-f)), ifse[f,^]. 
Define two perpendicular variants h\ and of the Hopf map S'^ §^ by 

^At) = [:'K;;:i'f') and/^,(S) = (-^^?°|-) 
and extend them to all ( ) G by 

/ii(^;) = l(^?)l'^i((2)/l(^;)l)and /i2(^;)-l(^?)l^2((g)/l(^;)l)- 

Lemma 7.3. The homotopy H^^ induces a homotopy §^ x [0,7r + l] — > Vj^2 between 
the map k and the map h given by 

\ -iZ2 

Proof. First note that ^2(5) = /2°'*i(s)o/i, where /i and /2 are the two isometries 

(Rcj2o+^Im2i \ / Rc 2:0+* Rc 21 \ 

Rozi-ilmzo I „„J f ( zo \ ^ I Imzo+ilmzi \ 

RoZ2+iReZ3 I '^"^ J2\ z ) — I ImZ3+iImZ2 j' 
— Im Z2+i Im Z3 / \ Re Z3 — i Re Z2 / 

Hence, |k2(s)| — \ki{s)\ and a straightforward computation shows 

\k2{s)\ = \k^{.s)\^l + {\z2\' + \z3\^)sm\s. 

In this and the following computations one can use the fact that the two vectors 
(23) and ( ) that arise in the last two components of ki{s) and ki(s) are per- 
pendicular with respect to the standard hermitian product on C^. Now we verify 
first that Ki(s) and ^2(0) are linearly independent. If Z2 ^3 this is clear 
because hi and are perpendicular. Hence, suppose that Z2 ^ or Z3 ^ 0. The 
equation 

kiis) = ±(1 + (|Z2|' + |z3p)sin2 s) K2(0) 
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then yields the two equations 

sin^ s + zq cos^ s = =Fi Imzi (l + (|z2|^ + ksl^) sin^ s) , 
(1 - Zq) cos s sins = =FiRczo(l + (|-Z2p + kaP) sin^ s). 

Sorting by real and by imaginary parts one can easily see that there are no solutions. 
Next we verify that Ki(§) and k2is — ^) are linearly independent. As above this 
is clear if Z2 = Z3 = 0. If Z2 7^ or Z3 7^ then the equation 

(1 + (k2p + \Z3\') sin^ s) ^i(f ) = ±(1 + |Z2P + ksH A^2(S - f ) 

yields the two unsolvable equations 

(1 + (|z2p + IzaHsin^s) = ±(1 + |z2p + |z3p)(Imzi)(cosssins - icos^ s), 
= ±((1 — Re Zq) cos s sin s — i(sin'^ s + Re zq cos^ s)). 

Hence, the homotopy deforms the map k to the map 

/ j(|2o|^-|zi|^) -2iRczozi \ 

\ 222 2lZ3 ; 

\ 223 -2iZ2 / 

and the two columns of k are linearly independent for all s e [0, tt]. Now concatenate 
the homotopy Hf^ with the deformation 

/i(|zo|^-|zi|^) -2iRczozi \ /o 

1 ' 2Z-0Z1 zi-zj + (2 - S) ' " ° 



l-s+s^|zo|2 + |zi|2 I 

\ 



Z2 *Z3 
Z3 — iZ2 



for s G [0, 1] and orthonormalize the two columns for all s G [0, tt + 1]. □ 



7.2. The deformation between ho\.'^ and (A^, S^t). Recall first that the map 
h consists of two perpendicular variants of the fourth suspension S^/ii of the Hopf 
fibration /ii : — > S^. Lemma l473l provides a concrete null-homotopy of E^/ii o J,^. 
This null-homotopy can be lifted from §® to V7^2 and we obtain a homotopy between 
ho and a map {N,a) for some map cr : §^ — When we lift the deformation 
curves horizontally, however, this map a is not the suspension of a map and we 
have no idea how to deform ao^ to a constant map in a subsequent step. In order 
to obtain a suspension we deform the squaring map of ^ to the double suspension 
of the squaring map of §^ and transfer the problem from V7_2 to V^^2- 

For technical purposes we change our coordinates again. Set zi — a ~\- id and 
2:3 = c + ih. More formally, define an isometry /3 : E"* by 
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and extend it naturally to an isometry x M"* 
is now given by 



C^xC^ Themap/i = /g"^ 0/10/3 



a 
b 
c 
d 



b 

—a 
c 



Note that /a o = 0/3 since / does not affect the first four real coordinates. 
Hence, ho = f^oho °f^^ ■ 

Thus it remains to construct a homotopy between ho \^ and {N, Y?f) where TV 
is the constant map to the north pole of and f is a map §^ — ?> S"^. The map r 
above is then given by t = /3 o f o f^^. 

We now apply a construction that deforms the squaring map such that the last 
two coordinates remain unaltered. 

We consider the squaring map \^ of the general sphere §" C Rx M". In Cartesian 
coordinates this map is given by 



■ Xo ■ 

xi 



2xqx„ 



Given a map p : §" ^ S™, view 5"+^ c (M x M") x and C (M x M'") x 

as double lower suspensions of §" and and let 

denote the double lower suspension of p. For x G §"+-^ and s £ [0, ^] set 



— (a;^_(_]^+a;^_l_2) cos s) 
2xoXi 



\ 



2xoXn 

2xn^i (sin^ s+xq cos^ s) — 2xn^2 (^ — xo) COS s sin s 

2Xn-^-2 (sin^ S + Xq COS^ s)+2Xn^i(l — XQ) COS s sill s 



Lemma 7.4. The homotopy H^2 induces a homotopy §"+^ x [0, ^] §"+^ between 

the squaring map of §"+^ and the double lower suspension S2 of the squaring 
map of §" . 

Proof. Contained in the proof of Lemma lTTSl □ 

Thus it remains to construct a homotopy between hoY.2-1^ and (TV, E^f). 
We now apply the following construction: Let 

{a, 13) : S" X [0, 1] Kn,2 C §™"^ x §™-i 

be a homotopy between the two maps (q;o,/3o) and (q!i,/3i). Extend a and /3 to 



maps 



pn+l 



X [0,1] 



by setting a{v, s) = |i;|a( s) and /3{v, s) = \v\(3{-^^, s). 
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Now define the two homotopies a, /3 : 8"+^ x [0, 1] -> 8"'+^ C M™+2 by setting 

It is evident that a and /3 are always perpendicular. The following statement is 
now obvious. 

Lemma 7.5. The assignment (a, /3) i— >■ (a, /3) induces a homomorphism 7r„(T4« 2) ~^ 

7rri+2(V^+2,2)- 

Thus it remains to construct a homotopy between /i5_2 o J,^ and the map (A^, f ), 
where /i5,2 : — > V5,2 is the map 



'■5,2 



a 
b 




This is because the concrete homomorphism of Lemma[731 yields a deformation 






ft, O E2 I 



and the latter map can be deformed by 



\ 



c 

V d 



J 



"1 




A 0\ 


f 


to 


f 




-d 


^) 




^0 c/ 



i cos(s arccos(| ( )|)) 


Va^+b.+,.+rf. sin(.arccos(|(^;)|)) 
V va^+b'+c^+d^ sin(garccos(|(-;)|)) 

and, finally, by applying some evident rotations in the domain of definition and in 
the target domain, to the map (iV, S^f). 

In the rest of this subsection we construct the remaining homotopy between 
/i5,2 ° and {N,f). It is easy to deform the identity on x to the isometry 



' zq\ / a+ib 

/s : 1 d j '-^ [ Ro 20 

b / Vim 20 



and the identity on iffi. x C x to the isometry 



h 



b+iy 
Rc IV 

b / \ Im IV 



The map ^-5,2 is thus homotopic to the map ft.5,2 — fe ° ^-5,2 ° fs and, accordingly, 
^5,2 ° is homotopic to 2 ° i^- The first column of the map h^^2 is now nothing 
but the second suspension E^fti of hi. By Lemma H?^ we have 
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and an explicit null-honiotopy of ^ oY, hi is supplied in Lenima [4.3l Starting with 
our map /i5_2 o this nuU-homotopy §^ x [0, 1] — > can be lifted horizontally to 
the Stiefel manifold V5.2- This yields a homotopy 



i 
f 



with a map f : -J> S^. It is not difhcult to solve the ODE (5'(s) = -{5{s),'^' {s))j{s) 
for the horizontal lift {^{s),S{s)) of the curves 7(5) = Hi{...,s) and 7(5) = 
H2{. ■ ■ ,s) of Lemma [4?3l explicitly and thus to write down a closed formula for the 
map f. We omit to present this lengthy formula since it is completely irrelevant for 
the following steps. 

7.3. Performance of Construction [274l Now let as denote the deformation be- 
tween the two maps ao — ko\.'^ and ai = (N, S^t) constructed in the previous two 
subsections. Note that the image of the south pole ( ) under varies with s. 
Thus, the deformation do^^Vr 2 (o^s) does not take place in just one S'^-fiber. There 
are several elementary ways to fix this issue. We choose one that fits perfectly to the 



subsequent homotopie iysu(3)-*s'5 given in Theorem l5.3l Let = ( ) ^ C C xC'^ 



-3 

and jvo (t) = ( "^0' ) • By LemmaEH] we have 



V / 



. 

and, by the definition of the suspension, we have 

«i°7.o(<)- fs] f 
Vo 

In both cases, the horizontal lifts of these curves are contained in SU(3) C G2, since 
the first column is constant. It is easily verified that 

-2it 



and 



Hence, 



and 



, 00 

e" 



_ , , 

"1 °lvoit) = e~"/2 

e-*'/^ 



/I ON 

>vv.2(ao)(i'o) = ao o7«oW = ([J "J j 



/-I o\ 

c'G2^i/7,2(ai)K) = ai o 7„„ (tt) = I . 

\ — I / 

We now consider the homotopy 

5G2^y7,2(ao)(wo) • (5G2^\/7,2(as )(^o)) -902 

This homotopy deforms 9g2->\/7 2 ° 4-^) to 

/-ioo\ „ /-100\ 

(0 "0 -°) ■ ^G2^V7,2(^,SV) = ( _0 j . 9su(3)^s=(Sr) 
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within the fixed S'^-fiber over (61,62) € ¥7.2- The last map fits perfectly to Theo- 
rem l5.3l 

8. NONTRIVIAL MAPS FROM S'^ TO Sp(2) AND EXOTIC ACTIONS ON S'^ X 

8.1. Nontrivial maps from §^ to Sp(2). Consider with north pole N — 
(1, 0, . . . , 0). As in scctionH] let 7^ denote the geodesic of (with respect to the 
standard metric on S^) with 7^(0) = N and 7i;(0) = v. Let D'^{tt) denote the disk 
in the tangent space T/yS^ with radius tt. For a fixed but arbitrary j G Z lift the 
geodesies 1 1-^ 7„(12ji) horizontally with respect to the fibration Sp(2) — > This 
yields a map S^j : D'^{-k) — Sp(2) with 

On the other hand, the nuU-homotopy of 

(9sp(2)^sKid))^^^ = 9sp(2)^s7(i^^-') 
(see Corollarv l4.9l for this identity) provides us with a map C,j : D'^{ti) §^ with 

I S« W =^Sp(2)^S^ (!'''). 

We now define a map Xj • -D^(7r) Sp(2) by 

Xj(v) = ij{v) • (0 ■ 

Lemma 8.1. The map Xj induces a map E7 — > Sp(2) whose first column is the 
I2j-th power J,^^-' o/S^. Hence, the map Xj represents the j-th homotopy class in 
^7(Sp(2))«Z. 

Proof. By definition the map Xj evaluates constantly to the north pole on the 
boundary of D'' {tt). Hence, we get a map from to Sp(2) whose first column is 
4^^"' , a map of degree 12 j. The last claim follows now from the relevant part of the 
exact homotopy sequence of the bundle Sp(2) — □ 

8.2. Exotic actions on §^ x S'^. We now combine the maps Xj above with the 
generalized GromoU-Meyer construction in |DPR| . Let E"^" denote the S^^-principal 
bundle obtained by pulling back Sp(2) — > by the n-th power J," of S*": 

ijlO y Sp(2) 

Explicitly, 

El^ :={(u,t;)e§^x§^ I {{V'{u),v))^Q) 

where (( • , • )) denotes the standard Hermitian inner product on the quaternionic 
vector space H^. The total spaces E}^ come equipped with a free action of the unit 
quaternions: 

§3 X El'' ^ £;i°, q * (u, v) = {quq, qv). 
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Here, quq means that the two quatcrnionic components of u are simultaneously 
conjugated by g € S'^. The quotient of E^^ by the free Tkr-action is a smooth manifold 

Theorem 8.2 ( |DPR| ). The differentiable manifold is a homotopy sphere and 
represents the (n mod 28) -th element in Qj w Z28- 

Now the map Xj ■ §^ ~^ Sp(2) from the previous subsection supplies us im- 
mediately with the section S*" ^i2j^ " ("jXj",2(w)) of the principal bundle 
El^j — S''. Here, Xj,2{'u) means the second column of Xj- We obtain the trivial- 
ization 

§^ X §3 ^ Ell^ , {u,r)^{u, xo.2 {u)r) 

with inverse 

E\% ^ X §^ {u, v) ^ {u, iixjAu), v))) ■ 

This trivialization can be used to transfer the GromoU-Meyer action from iJ^^j to 
the product §^ x S'^. This way we obtain the formula of Theorem ll.2l from the 
introduction. 
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